)͘, if one assumes that they can be expressed as ͗g (,r,(r), (1) , (2) ,..., (n) )͘. Here (r) and (m) are the electron density and its mth-order gradient; f and g are proper analytic functions of their variables; is 2 when the functionals are T s ͓͔, T c ͓͔, and T ͓͔ ͑otherwise it equals 1͒; is the electron-electron interaction coupling constant in the adiabatic connection formulation; and ͕␤,,, 1 , 2 ,..., n ͖ is a set of independent variables ͑called natural variables͒ in place of ͕,r,, The immense success of the modern density-functional theory ͑DFT͒ ͓1,2͔ originated from two papers ͓3,4͔ by Hohenberg, Kohn, and Sham more than three decades ago, in which the electron density ͑r͒ was legitimatized as the basic variable of ground-state quantum chemistry. However, the existence of the Hohenberg-Kohn ͑HK͒ theorems ͓3͔ does not help much in the construction of the exact total-energy functional ͑hence its components͒ from ͑r͒. From the later 1970s on, the adiabatic connection formulation ͓5-7͔ and later the constrained-search formulation ͓8,9͔ have nourished much of the advancement in DFT.
The immense success of the modern density-functional theory ͑DFT͒ ͓1,2͔ originated from two papers ͓3,4͔ by Hohenberg, Kohn, and Sham more than three decades ago, in which the electron density ͑r͒ was legitimatized as the basic variable of ground-state quantum chemistry. However, the existence of the Hohenberg-Kohn ͑HK͒ theorems ͓3͔ does not help much in the construction of the exact total-energy functional ͑hence its components͒ from ͑r͒. From the later 1970s on, the adiabatic connection formulation ͓5-7͔ and later the constrained-search formulation ͓8,9͔ have nourished much of the advancement in DFT.
Via the constrained-search formulation ͓8,9͔, the HK universal functional ͓3͔ F ͓͔, defined within an extended domain
F ͓͔ϭ͗⌿
͉T ϩV ee ͉⌿ ͘,
͑1͒
always has a minimum ͓10͔ for an antisymmetric N-electron wave function ⌿ , with a specific electronelectron interaction coupling constant ͑which must be set equal to 1 for realistic full Coulomb systems͒. Here ⌿ generates an N-and v-representable (r) and is an eigenstate of the coupled Hamiltonian ͓11͔
where T , V ee , and V ext are the kinetic energy, the electronelectron repulsion, and the external potential operators, respectively. In the spirit of the Kohn-Sham theory ͓4͔, F ͓͔ is partitioned into three main pieces
where T s ͓͔ is the noninteracting (ϭ0) kinetic-energy functional, J͓͔ is the classical electron-electron Coulomb repulsion functional, and E xc ͓͔ is the exact exchangecorrelation functional. E xc ͓͔ in turn can be decomposed into two components ͓12͔
namely, the -independent exchange functional E x ͓͔,
and the -dependent correlation functional E c ͓͔, 
is the functional coordinate-scaling operator ͓15͔ and G͓ ; ͔ is a dummy density functional in place of any of those just mentioned above. In Eq. ͑9͒, is 2 for T s ͓͔, T c ͓͔, and T ͓͔ ͑otherwise, it equals 1͒, and the first term of the right-hand side ͑RHS͒ involving will vanish automatically if G͓ ; ͔ is independent, i.e., 
G͓
Here ͕x k1 ,x k2 ,...,x km ͖ is a specific ͑the kth͒ combination of the three coordinate indices ͕x,y,z͖ and the unit vectors along axis directions are stripped from Eq. ͑14͒ for simplicity. More generally, for an entity
and its arbitrary analytic function g(), there is a compact notation
Unless otherwise noticed hereafter, the Einstein summation convention will be applied over repeated indices.
Lemma. Assume a general density functional of the form
where g is an analytic function of its variables, and and its gradients are strongly vanishing asymptotically. Then the following identities hold:
Proof. For a density functional defined as Eq. ͑19͒, its functional derivative is ͓1͔ ␦G ␦
With successive integration by parts, one can readily show that
Following a previous work ͓16͔, G͓ ; ͔ can be transformed by an integration by parts to
where " T denotes the total derivative with respect to r. Combination of Eqs. ͑19͒ and ͑23͒-͑25͒ and more integrations by parts yield the identity of Eq. ͑20͒. Here Eqs. ͑20͒ and ͑25͒ are generalizations ͑to arbitrary order͒ of the results ͑only first order͒ derived earlier ͓16͔. A simple integration by parts shows that, in general,
Combination of Eqs. ͑20͒, ͑24͒, and ͑26͒ yields the identity of Eq. ͑21͒, and elimination of the Ŝ c terms from Eqs. ͑9͒ and ͑21͒ delivers Eq. ͑22͒. Q.E.D.
From this lemma, there follows a simple theorem, which can aid in the invention of new density functionals and serve as a criterion for judging the correctness of approximate ones.
Theorem 1. The variables
are natural variables of DFT which act as independent variables in place of ͕,r,(r), 
͑32͒
Further, with Eqs. ͑28͒ and ͑29͒, one has
Hence, for Eq. ͑22͒, one obtains that
͑34͒
Therefore, Eq. ͑29͒ is a general solution of the exact relations ͑9͒ and ͑20͒-͑22͒. Further, one can easily prove that any departure from Eqs. ͑27͒-͑29͒ will destroy the identical equality in Eq. ͑34͒; hence the variables defined by Eq. ͑27͒ are natural variables of DFT. Q.E.D.
Clearly, any exact density functional can always be brought into the form of Eqs. ͑28͒ and ͑29͒. Therefore, the use of the natural variables in the construction of any approximate density functionals will automatically ensure them to satisfy Eqs. ͑9͒ and ͑20͒-͑22͒. Moreover, any general G͓ ; ͔ can be obtained from G͓ ; ϭ1͔ with the aid of Theorem 1. For instance, the classical Wigner correlation functional ͓17͔ can be written as
where ͕a,b͖ are fitting parameters. With Theorem 1, one
which can then be used to generate T c ͓͔ and V c ͓͔ via Eqs. ͑6͒ and ͑10͒.
Generalizations of Theorem 1 to more complex functional forms result in the following theorem and corollary to it.
Theorem 2. Assume a general density functional of the form
where the variable set i is
͑38͒
It is understood here that the subscripts are electron indices, the double angular brackets are integrations over the coordinates of two electrons, g is a symmetric analytic function of its variables, i and its gradients are strongly vanishing asymptotically. Then, the following identities hold:
͑44͒
This theorem is given here without detailed proof since it is similar to the arguments used earlier.
In the language of the pair correlation function and the exchange-correlation hole ͓1,2͔, one has the following corollary.
Corollary. Assume that in Eq. ͑37͒, where r 12 is the interelectronic distance and h is a symmetric analytic function of its variables. Then h has to satisfy the equation
Further, h can be chosen such that the integrands above on both sides are equal: Table I lists some approximations to the exact expression in Eqs. ͑29͒ and ͑37͒, namely, the local-density approximation ͑LDA͒ ͓13,15,17-19,22-24͔, the reduced weighteddensity approximation ͑RWDA͒, the WDA ͓20,21͔, the GWDA, the gradient expansion approximation ͑GEA͒ ͓25-31͔ and the generalized-gradient approximation ͑GGA͒ ͓19,31-40͔. It is interesting to note that the RWDA and the GWDA are different from the classical WDA ͓20,21͔. Numerical performance of the RWDA and the GWDA schemes should be tested. Moreover, Theorem 1 points out new directions in the effort to generate better approximate functionals by either including more higher-order gradient terms or combining the merits of the RWDA and the GGA/GEA schemes. One may further point out that in order to fix the correct or approximate functional forms, this work should be employed along with scaling properties and other exact relations ͓e.g., Eqs. ͑10͒ and ͑11͔͒ of the DFT functionals ͓12-15,18,19,31,37. Finally, the work presented here not only confirms but also generalizes the naive dimensional analysis ͓1͔.
